Abstract. For multiplicative character of a non-Archimedean local field, we have a formula for epsilon factor due to John Tate. Before Tate, Erich Lamprecht, also gave a formula for local epsilon factors of linear characters. In this paper, we generalize the Tate's formula and show that the Lamprecht and Tate formulas are the special cases of our formula. We also show that the famous twisting formula of Deligne is a corollary of our formula.
Introduction
By Langlands we can associate a local epsilon factor (also known as local constant) with each finite dimensional continous complex representation ρ of the absolute Galois group G F of a nonArchimedean local field F . But there is no explicit formula for local epsilon of any arbitrary local Galois representation. In 1952 [6] , Erich Lamprecht gave a formula (cf. Lemma 8.1 on p. 60 of [7] ) for local epsilon factor of a linear character χ : F × → C × . Later, John Tate, gave more explicit formula (cf. [9] , p. 94) for local epsilon factor of linear character. In this paper, we generalize the Tate's formula (2.6) and give Theorem 3.1. We also show that the Tate's formula (2.6) and Lamprecht formula (cf. Corollary 3.2(1)) are the special cases of our formula (3.2) . Furthermore, we also show that the famous Deligne's twisting formula (cf. Corollary 3.2(2)) of local epsilon factors is a corollary of the Theorem 3.1.
Notations and Preliminaries
Let F be a non-Archimedean local field of characteristic zero , i.e., a finite extension of the field Q p (field of p-adic numbers), where p is a prime. Let O F be the ring of integers in local field F and P F = π F O F is the unique prime ideal in O F and π F is a uniformizer, i.e., an element in P F whose valuation is one, i.e., ν F (π F ) = 1. The cardinality of the residue field
Definition 2.1 (Different and Discriminant). Let K/F be a finite separable extension of non-Archimedean local field F . We define the inverse different (or codifferent) D
Definition 2.2 (Conductor of characters).
The conductor of any nontrivial additive character ψ of a field is an integer n(ψ) if ψ is trivial on P −n(ψ) F , but nontrivial on P −n(ψ)−1 F . We also consider a(χ) as the conductor of nontrivial character χ : F × → C × , i.e., a(χ) is the smallest integer m 0 such that χ is trivial on U m F . We say χ is unramified if the conductor of χ is zero and otherwise ramified. We also recall here that for two characters χ 1 and χ 2 of F × we have a(χ 1 χ 2 ) max(a(χ 1 ), a(χ 2 )) with equality if a(χ 1 ) = a(χ 2 ).
2.1. Classical Gauss sums. Let k q be a finite field. Let p be the characteristic of k q ; then the prime field contained in k q is k p . The structure of the canonical additive character ψ q of k q is the same as the structure of the canonical character ψ F , namely it comes by trace from the canonical character of the base field, i.e.,
where
for all x ∈ k p .
Gauss sums: Let χ be a multiplicative and ψ an additive character of k q . Then the Gauss sum G(χ, ψ) is define by
In the following theorem for quadratic characters of k q we can give explicit formula of Gauss sums.
Theorem 2.3 ([8]
, p. 199, Theorem 5.15). Let k q be a finite field with q = p s , where p is an odd prime and s ∈ N. Let χ be the quadratic character of k q and let ψ be the canonical additive character of k q . Then
Epsilon factors.
For a nontrivial multiplicative character χ of F × and nontrivial additive character ψ of F , we have (cf. [7] , p. 4)
where the Haar measure dx on F is normalized such that the Haar measure m of O F is 1, i.e., m (O F ) = 1, and c ∈ F × with valuation n(ψ) + a(χ). To get modified summation formula of epsilon factor from the above integral formula (2.3), we need the next lemma which can be found in [4] .
Lemma 2.4. Let F be a non-Archimedean local field with q F as the cardinality of the residue field of F . Let χ be a nontrivial character of F × with conductor a(χ). Let ψ be an additive character of F with conductor n(ψ). We define the integration for an integer m ∈ Z:
for any positive integer n. By using the above Lemma 2.4, the formula (2.3) can be reduced to (cf. p. 94 of [9] )
3. Lamprecht-Tate formula for epsilon factor Theorem 3.1 (Lamprecht-Tate formula). Let F be a non-Archimedean local field. Let χ be a character of F × of conductor a(χ) and let m be a natural number such that 2m a(χ). Let
, and this will imply:
Remark: Note that the assumption (3.1) is obviously fulfilled for m = 0 because then both sides are = 1, and the resulting formula for m = 0 is the Tate formula (2.6).
Proof. When m = 0, the formula (3.2) is the same as the Tate's formula (2.6), hence for m = 0 everything is correct. In general, the assumption 2m a(χ) implies 2(a(χ) − m) a(χ) and therefore
. That is, y → χ(1 + y) is a character of the additive group P a(χ)−m F . This character extends to a character of F + and, by local additive duality, there is some c ∈ F × such that
. Now comparing the conductors of both sides we must have:
Qp is the right assumption for our formula. Now we assume m 1 (the case m = 0 we have checked already) and consider the filtration
. ). Now computing (χ, ψ F ) we have to consider the sum (3.3)
Now using (3.1) we obtain
and therefore our double sum (3.3) rewrites as
But the inner sum is the sum on the additive group P
character of that group. Hence this sum is equal to [P
F if the character is ≡ 1 and otherwise the sum will be zero. But:
So the character (c
, and therefore it will be ≡ 1 on P a(χ)−m F if and only if ν F (z − 1) m, i.e., z = 1 + y ∈ 1 + P m F . Therefore our sum (3.3) rewrites as
And substituting this result into the Tate formula (2.6) we get
Corollary 3.2.
(1) Lamprecht Formulas (cf. Lemma 8.1, p.60 of [7] ) Let χ be a character of F × . Let ψ be a nontrivial additive character of F .
(a) When a(χ) = 2d (d 1), we have
(2) Deligne's twisting formula (cf. [3] , Lemma 4.16): If α, β ∈ F × with a(α) 2·a(β), then
Here c ∈ F × with F -valuation ν F (c) = a(χ) + n(ψ F ), and in Case (1(a)) and Case (1(b)), c also satisfies
And in case (2), we have α(
Proof. From the above formula (3.2), the assertions are followed.
(1(a)). When a(χ) = 2d, where d 1. In this case, we take m = d, and from equation (3.2) we obtain
(1(b)). When a(χ) = 2d + 1, where d 1. In this case, we also take m = d, and then from equation (3.2) we obtain
Here c ∈ F × with ν F (c) = a(χ) + n(ψ), satisfies
(2) Proof of Deligne's twisting formula: By the given condition, a(α) 2a(β), hence we have a(αβ) = a(α). Now take m = a(β), then from equation (3.2) we can write:
Remark 3.3. Let µ p ∞ denote as the group of roots of unity of p-power order. Now we can give an explicit formula for (χ, ψ F ) modulo µ p ∞ (cf. the review of Henniart's paper [5] by E.-W. Zink) and which is:
depends only on c ∈ F × mod 1 + P F . x∈Fq ψ 0 (x 2 ) is a fourth root of unity.
Since ν F (c) = a(χ) + n(ψ F ), P d F /P d+1 F ∼ = k F , we can deduce G(c) as
where ψ is a nontrivial additive character of k F and η is the quadratic character of k × F . Therefore we can conclude that G(c) is a fourth root of unity.
Furthermore, since G(c) · q 1 2 F = G(η, ψ ) is a quadratic classical Gauss sum, from the computation of lambda function λ K/F (ψ) (for definition of lambda functions, see equation (3.2.7) on p. 37 of [2] ), where K/F is a tamely ramified quadratic extension (cf. Subsection 3.4.1 of [2] ), we can conclude that G(c) is actually a λ-function for some quadratic tamely ramified local extension.
